We study how the introduction of consumption externalities a ects the e ciency of the dynamic equilibrium in an economy displaying dynastic altruism. When the bequest motive is inoperative consumption externalities a ect the intertemporal margin between young and old consumption and thus modify the intertemporal path of consumption and capital. The optimal tax policy that solves this intertemporal ine ciency consists of a tax on capital income and a pay-as-yougo social security system. The later solves the overaccumulation of capital due to the inoperativeness of the bequest motive and the former solves the ine cient allocation of consumption due to consumption externalities. When the bequest motive is operative consumption externalities only cause an intratemporal ine ciency that a ects the allocation of consumption between the generations living in the same period but do not a ect the optimality of the capital stock level. This suboptimal allocation of consumption implies in turn that the path of bequest is also suboptimal. The optimal tax policy in this case consists of an estate tax and a capital income tax. The estate tax corrects the intratemporal ine ciency but generates an intertemporal ine ciency which is corrected by means of an appropriate capital income tax. JEL classification codes: E21, E13, E62.
Introduction
In this paper we aim at analyzing the ine ciency arising from consumption externalities in an overlapping generation model (OLG) with dynastic altruism. We use this model to show how the interaction between consumption externalities and altruism a ects the e ciency of the equilibrium path. In our model the consumption externality will take the form of a reference level of consumption that is used to compare the utility derived from own consumption. We will assume that this reference consumption is a weighted average of the consumption of all the agents living in the same period.
Several authors have analyzed the implications of a reference consumption due to own past consumption (or internal habits) in OLG models. Examples of this strand of the literature are the papers of Lahiri and Puhakka (1998) and Wendner (2002) , who study the e ect of habits on saving in a pure exchange economy; and Alonso-Carrera, et al. (2005b), de la Croix (1996) and de la Croix and Michel (1999, 2001 ), who analyze several related stability issues. Obviously, when the reference is the others' consumption, then ine ciency of the equilibrium path is likely to arise. In a framework with infinitely lived agents, Alonso-Carrera, et al. (2000), and Turnovsky and Monteiro (2005) , among many others, have characterized the optimal tax rates that solve this kind of ine ciency. In the framework of OLG models, Abel (2005) shows that a capital income tax and a pay-as-you-go social security system constitute the optimal tax policy. We extend the latter paper by introducing consumption externalities in the dynastic altruism model of Barro (1974) . Following Abel's analysis, we assume that these externalities take the form of a weighted average of the consumption of the two types of agents living in the same period. By introducing altruism and the possibility of bequests in Abel's model we can analyze new phenomena, like the potential suboptimality of bequests and the interaction between consumption externalities and the ine ciency of the bequest constrained equilibrium.
The e ciency analysis in Abel (2005) is based on the comparison between the model of Diamond (1965) with consumption externalities and the corresponding planner problem when the objective function of the planner is just the discounted sum of the utilities of all the agents in the economy. This analysis does not allow to distinguish the ine ciency due to consumption spillovers from the ine ciency due to the inoperativeness of the bequest motive. In contrast, the e ciency analysis of our paper is based on the comparison between the model of Barro (1974) with consumption externalities and the corresponding planner problem. As shown by Abel (2005) , when the bequest motive is inoperative, ine ciency is due to both consumption externalities and the typical dynamic ine ciency resulting in capital overaccumulation (Cass, 1972) . However, when the bequest motive is operative the only source of ine ciency are the consumption externalities. Therefore, our e ciency analysis shows how the ine ciency due to consumption externalities depends on the operativeness of the bequest motive.
When the bequest motive is operative consumption externalities only cause an intratemporal ine ciency, whereas they cause an intertemporal ine ciency when the bequest motive is inoperative. In the former case, they only a ect the intratemporal margin between consumption of the two generations living in the same period. This implies that they modify the allocation of consumption between the two living generations, but do not a ect the e ciency of the intertemporal paths of saving and output. In fact, this suboptimal allocation of consumption is associated with a suboptimal level of bequest. In contrast, when the bequest motive is inoperative, consumption externalities a ect the intertemporal margin of consumption along the life cycle of agents. Given that consumption spillovers a ect the intertemporal path of consumption, they also modify the paths of saving and production. In fact, the externality associated with young consumption reduces the stock of capital and, hence, reduces the overaccumulation of capital due to the inoperativeness of the bequest motive. Obviously, the externality associated with old consumption has the opposite e ect on the stock of capital and thus increases the gap between the optimal stock of capital and the one obtained in a competitive equilibrium.
Note that the nature of the ine ciency crucially depends on the operativeness of the bequest motive and this operativeness depends in turn on the intensity of consumption externalities. In this respect we show that in the long run a stronger young consumption reference reduces the critical level of altruism above which the bequest motive is operative, whereas a larger old consumption reference rises this critical level of altruism.
The optimal values of tax rates also depend on the operativeness of the bequest motive. When the bequest motive is inoperative, the optimal tax policy consists of a tax on capital income and a pay-as-you-go social security system. The latter solves the overaccumulation of capital and the former solves the ine cient allocation of consumption due to consumption externalities. Note that the optimal capital income tax rate modifies the intertemporal path of consumption and, in this way, solves the ine ciency due to consumption spillovers. When the bequest motive is operative, the optimal tax policy consists of an estate tax and a capital income tax. On the one hand, the pay-as-you-go social security system is not required as there is no overaccumulation of capital. On the other hand, the capital income tax does not solve the ine ciency due to consumption externalities because this ine ciency is intratemporal when bequests are positive. In fact, since this ine ciency results into a suboptimal level of bequest, an estate tax allows to correct this intratemporal ine ciency. However, this estate tax causes an intertemporal ine ciency, which is solved by means of introducing an appropriate capital income tax.
The paper is organized as follows. Section 2 presents the model. Section 3 characterizes the competitive equilibrium when the bequest motive is operative and when it is not. Section 4 characterizes the social planner solution. In Section 5 we conduct the e ciency analysis by comparing the solution achieved by the planner with the competitive solution. Section 6 characterizes the optimal tax rates. Section 7 concludes the paper.
The model
Let us consider an OLG model where identical individuals are born in period These individuals live for two periods. Each individual has o spring at the end of the first period of his life and the number of children per parent is 1. As in Diamond (1965) , each agent supplies inelastically one unit of labor in the first period of his life and is retired in the last period of his life. We index each generation by the period in which its members work.
Individuals are assumed to be altruistic towards their children. Let be the amount of bequest that an old individual leaves to each of their children in period . We impose the constraint that parents cannot force their descendents to give them gifts, 0 (2.1)
Each young individual distributes his labor income and his inheritance between consumption and saving. Therefore, the budget constraint faced by an individual during the first period of life is
where is the amount of consumption of a young agent, is the labor income and is the amount saved. In the second period of life individuals receive a return on the amount of their saving, which is distributed between consumption and bequests for their children. Therefore, the budget constraint of an old individual is
where +1 is the gross rate of return on saving and +1 is the amount of consumption of an old individual.
The utility function of an individual belonging to generation is
where +1 represents the indirect utility of each of his descendants, the parameter [0 1) is the altruism factor, 1 and the variablesˆ andˆ +1 represent the e ective consumption in the first and second periods of life, respectively, of a representative individual belonging to generation
We assume that individuals do not derive utility from the absolute level of consumption but from the comparison between their consumption and some consumption reference. In particular, we assume the following functional forms for e ective consumption:
1 Each parent cares equally about the felicity of their children. Thus, the intercohort utility discount could be rewritten as = 0 , where would be the temporal discount factor and 0 is the pure interpersonal (from parents to children) discount factor.
where [0 1) and [0 1) provide a measure of the intensity of the consumption reference. 2 These consumption references are assumed to be a weighted arithmetic average of the per capita consumption of the two living generations. On the one hand, we assume that
where [0 1] is the weight of consumption of a representative old consumer in the specification of the reference for young consumers. On the other hand, we assume that 
As in Abel (1986) or Laitner (1988) , we assume that the function (· ·) is twice continuously di erentiable and additive in its two arguments. Therefore, we will use the following functional form:
where 0 is the temporal discount factor. We assume that 0 0, 00 0 lim 0 0 ( ) = and lim 0 ( ) = 0. There is a single commodity in this economy, which can be devoted to either consumption or investment. Let us assume that this commodity is produced by means of a neoclassical net production function ( ) where is the capital stock and is the amount of labor used in period . The net production function per capita is ( ) where is the capital stock per capita. As firms behave competitively, the rental prices of the two inputs equal their marginal productivities,
We assume that 0 ( ) as where (0 1) is the depreciation rate of the capital stock. In equilibrium the capital stock installed in period + 1 is equal to the aggregate saving in period and, thus, we have +1 = (2.14)
Competitive equilibrium
The problem faced by each individual is to maximize (2.4) with respect to { +1 +1 } subject to (2.1), (2.2), (2.3), (2.5) and (2.6), which is equivalent to solving the following dynamic programming problem:
with +1 0 for
+1
and +1 given for all Using the envelope theorem we obtain,
Using (3.2), we obtain the first order conditions of problem (3.1) corresponding to the derivatives with respect to and +1
where the last condition holds with equality if +1 0 Equation (3.3) characterizes the optimal allocation of consumption along the lifetime of an individual. If the bequest motive is operative, then equation (3.4) characterizes the optimal allocation of consumption between two consecutive generations. This equation tells us that, when the bequest motive is operative ( +1 0) the utility loss of parents arising from a larger amount of bequest must be equal to the discounted utility gain of their direct descendants.
The competitive equilibrium of this economy is a path { } =0 that solves the system of di erence equations composed of (3.3) and (3.4), together with (2.1), (2.2), (2.3), (2.9), (2.10), (2.12), (2.13), (2.14) and the transversality condition
The previous transversality condition states that the present value of bequests tends to zero. We will restrict our analysis to steady state equilibria, that is competitive equilibria where the variables and are all constant. 3 To this end, we combine (3.3) with (2.9) and (2.10) to obtain
and use (2.2), (2.3), (2.12), (2.13) and (2.14) to obtain
Moreover, we are going to restrict the parameter space of our model in order to obtain existence, uniqueness and stability of the steady state equilibrium. We first introduce the following assumption aimed at guaranteeing both the uniqueness of the steady state when the bequest motive is inoperative and the corresponding saddle path stability when the values of the parameters and are su ciently small:
Assumption A. The following conditions hold in the steady state:
Lemma 3.1. 0 and 0
Proof.
The proof follows directly from the functional form of ( ) and Assumption A. We should mention that, whereas the uniqueness of the steady state with positive bequests does not depend on Assumption A, the uniqueness of the steady state with zero bequests is not guaranteed when this assumption does not hold. 4 Proposition 3.3. a). The steady state with operative bequest motive is saddle path stable.
b). The steady state with inoperative bequest motive is saddle path stable for values of and su ciently close to zero.
Proof. See Appendix A.
Whereas the steady state with positive bequests is always saddle path stable, saddle path stability of the steady state with zero bequests depends on the intensity of consumption externalities, which is summarized by the value of the parameters and . As we have already said, when the intensity of consumption externalities is su ciently low, Assumption A guarantees saddle path stability. In contrast, when the intensity of consumption externalities is su ciently large, the steady state with zero bequests may not be saddle path stable even though Assumption A holds. 5 From now on, we assume that and are low enough to guarantee saddle path stability of the steady state with inoperative bequest motive. For the sake of completeness, we show in the Table 1 of Appendix B how the stability properties of a steady state with inoperative bequest motive vary with the value of the parameters and . ) for a discussion on the existence of multiple steady states in a model without consumption externalities. 5 In related OLG models where individuals preferences are not subject to consumption externalities, de la Croix and Michel (2001) and Alonso, et al. (2005b) show that the steady state with inoperative bequest is saddle path stable when 0. However, this condition is not su cient to guarantee saddle path stability when consumption externalities are present.
On the other hand, = 0 where = 0.
If the amount of bequest is positive, then consumption externalities modify the intergenerational distribution of consumption but do not a ect the long run value of capital. In other words, consumption externalities neither modify the amount of saving nor the output level, but they modify the allocation of consumption between young and old generations. This change in the allocation of consumption is achieved by adjusting the amount of bequest. An increase in the value of the parameter raises the marginal valuation of young consumption and, as follows from (3.4), this results in an utility gain from a larger amount of inheritances. In contrast, as increases agents are willing to increase old consumption and this requires a reduction in the amount of bequest. 
Assume that the amount of bequest is zero. Then, the steady state capital stock solves ³ 0´= 0 Using this equation, we obtain that = and = where
The result then follows from Lemma 3.1.
An increase in induces agents to increase young consumption, whereas an increase in induces agents to increase old consumption. Agents rise young (old) consumption by decreasing (increasing) the amount of saving. This explains the e ect of and on the capital stock since savings coincide with the stock of capital in equilibrium.
We next discuss how the operativeness of the bequest motive is modified by these consumption spillovers. To this end, let us combine conditions (3.3), (3.4) when it is just binding, and (2.12), all of them evaluated at the steady state, to obtain the threshold value of the altruism factor above which bequests are positive,
Note that this condition coincides with the one obtained in Weil (1987) . Note also that consumption externalities modify the value of through their e ect on the steady state capital stock. Clearly, these results show that the introduction of consumption externalities a ects the operativeness of the bequest motive and, thus, a ects the dynamic e ciency of the equilibrium path (Cass, 1972 ).
The social planner solution
We assume that the social planner gives the same weight to all generations in his objective function. Therefore, the social planner maximizes 6
subject to the resource constraint
Thus, the Lagrangean of the planner's maximization problem can be written as
The corresponding first order conditions are 
The social planner solution is a path { } =0 solving equations (4.1), (4.5), (4.6) and the transversality condition Proof. The proof follows from (4.1), (4.5) and (4.6) and by noticing that (4.7) defines an increasing relation between and and (4.8) defines a decreasing relation between these two variables. .
The following proposition characterizes the dynamics around the steady state of the planner's solution and its proof is omitted since is similar to that of Proposition 3.4. 
E ciency
There are two di erent sources of ine ciency in our economy: the contemporaneous consumption externalities and the inoperativeness of the bequest motive. In what follows, we will analyze the e ects of these di erent sources of ine ciency, which interact in a non-obvious way. To this end, we first compare the social planner solution with the competitive equilibrium solution when bequests are positive, and then we perform the same comparison when bequests are zero.
Ine ciency of the equilibrium path when the bequest motive is operative
When the bequest motive is operative, consumption externalities are the only source of ine ciency. To analyze the e ects of this ine ciency, we compare the social planner solution, which is characterized by equations (4.1), (4.5) and (4.6), with the competitive equilibrium solution when the bequest motive is operative, which is characterized by equations (3.3), (3.4) and (4.1). We first rewrite the social planner solution by rearranging (4.5) as follows:
where the left hand side (LHS) is the social marginal rate of substitution (MRS) between young and old consumption at period and the right hand side (RHS) is the social marginal rate of transformation (MRT). Thus, equation (5.1) drives the optimal intratemporal allocation of consumption between agents belonging to di erent generations. Rearranging (4.6), we obtain
where the LHS is the social MRS between current and next period consumption of young individuals and the RHS is the corresponding social MRT. It then follows that equation (5.2) determines the optimal intertemporal allocation of consumption. This equation is the Keynes-Ramsey equation that, given an initial condition on the stock of capital, characterizes the optimal path of saving and thus the optimal path of the capital stock and output. Therefore, (5.1) simply determines the optimal allocation of consumption between the two generations living in the same period. We follow a similar procedure with the equilibrium solution. We thus rewrite (3.4) as follows
where the LHS is the private MRS and the RHS is the MRT Equation (5.3) drives the intratemporal allocation of consumption between generations. Combining (3.3) with (3.4), we obtain
where the LHS is the MRS and the RHS is the MRT. Equation (5.4) determines the intertemporal allocation of consumption between agents along the equilibrium path. From the comparison of (5.1) and (5.2) with (5.3) and (5.4), it follows that consumption externalities a ect the intratemporal allocation of consumption between generations, as the private and social MRS do not coincide, but do not a ect the intertemporal allocation of consumption. It follows then that consumption externalities do not a ect the optimality of the capital path. In fact, if the initial condition on the stock of capital of the planned economy coincides with the initial condition of the competitive economy, then the path of capital and output of the two economies will coincide in each period. Thus, consumption externalities do not cause any ine ciency in terms of production. However, the intratemporal allocation of consumption between young and old individuals is suboptimal, as follows from the comparison between (5.1) and (5.3). Given that production and savings are at its optimal level, this suboptimal allocation of consumption between young and old agents arises because the path of bequest is also suboptimal.
Proposition 5.1. If ( ) 1 then bequests are suboptimally small (large).
The size of the di erence between the private and social MRS is defined by the variable which provides a measure of the ine ciency due to consumption externalities. Note that ( ) 1 when
Thus, the amount of bequest is suboptimally small (large) when the externalities make agents value old (young) consumption in excess to young (old) consumption. Note also that the two consumption externalities result in opposite e ects and, in fact, when = 1 the competitive equilibrium is e cient even though consumption externalities are introduced. Table 2 in Appendix B illustrates the previous discussion since it shows that, as increases, rises and the ratio between the long run value of the amount of bequest at the competitive equilibrium and its optimal long run value decreases. It also shows that an increase in has the opposite e ects.
Ine ciency of the equilibrium path when the bequest motive is inoperative
When the amount of bequest is zero, the equilibrium is characterized by equations (2.3), (3.3) and (4.1). We proceed to compare these equations with those characterizing the social planner solution. First, we combine (4.5) with (4.6) to obtain
where the LHS is the social MRS between consumption when young and when old and the RHS is the corresponding social MRT We can compare this equation with the equilibrium equation (3.3), which can be rewritten as
where the LHS is the private MRS and the RHS is the corresponding private MRT This equation drives the intertemporal margin between consumption when young and when old along an equilibrium path with inoperative bequest motive. Note that this equilibrium margin di ers from the optimal margin in both the MRS and in the MRT. The di erence between the social and the private MRS is due to consumption externalities and the di erence between the social and the private MRT arises because the competitive stock of capital di ers from its planned counterpart when the bequest motive is not operative. To see this, note that (4.6) does not hold along an equilibrium path when bequests are zero. Moreover, as follows from (2.3) and (3.3), consumption spillovers modify the equilibrium stock of capital and, hence, the private MRT when bequests are zero. Thus, when the bequest motive is not operative, consumption externalities a ect both the MRS and the MRT and thus give rise to both a suboptimal level of production and a suboptimal allocation of consumption.
Given that there are two di erent sources of ine ciency, the e ects of this ine ciency in the equilibrium paths of consumption and capital are ambiguous and may change along the transition. In what follows, we limit our analysis to the steady state. We first show how the ine ciency a ects the long run level of production and then we analyze how the ine ciency a ects the consumption levels of the two generations.
The long run value of the stock of capital is ine cient since the optimal long run value of the stock of capital is obtained from (4.6), whereas the long run value of the stock of capital in the competitive equilibrium comes from the equation ³ 0´= 0 As follows from the condition (3.7) for the operativeness of the bequest motive, Thus, the inoperativeness of the bequest motive implies a suboptimally large capital stock. In Proposition 3.5 it is shown that the steady state stock of capital rises with and decreases with This means that the young consumption reference reduces the level of overaccumulation of capital, whereas the old consumption reference increases this level. Finally, the strength of altruism rises the optimal stock of capital but does not a ect the equilibrium stock of capital when the bequest motive is inoperative. Thus, a larger degree of altruism reduces the magnitude of the production ine ciency. The following result shows how the parameters and a ect the size of the production ine ciency, where this ine ciency is measured by the di erence between the long run competitive stock of capital and the long run stock of capital achieved by the social planner.
Proposition 5.2. The production ine ciency decreases with the altruism factor and with the intensity of the externality due to the young consumption reference , whereas it increases with the intensity of the externality due to the old consumption reference Proof. Obvious from the results in Proposition 3.5.
The equilibrium stock of capital can be expressed as a function of and ( ), whereas the optimal stock of capital can be written as a function of the altruism factor, ( ) Note that the ine ciency due to the inoperativeness of the bequest motive can be defined as (0 0) ( ) which decreases as increases. Note also that the ine ciency due to consumption externalities is ( ) (0 0) which decreases with and increases with Finally, the overall ine ciency is ( ) ( ) The e ect of the ine ciency on the allocation of consumption is far from obvious. On the one hand, the overaccumulation of capital implies that the social MRT is larger than the private MRT. This introduces a wealth and a substitution e ect that results into an ambiguous e ect on the allocation of consumption. On the other hand, the e ect of consumption externalities on the distribution of consumption among agents of di erent ages depends on the relative intensity of the two consumption references. Therefore, the e ect of the ine ciency on the allocation of consumption is potentially ambiguous and depends on the assumptions made on the functional forms of the production and utility functions and on the value of the parameters of the model. Table 3 of Appendix B shows how the level of consumption can be suboptimally large or small depending on the value of the parameters and This table shows that a rise in ( ) reduces (increases) the production ine ciency, which is measured in the table by the ratio between the optimal stock of capital and the competitive stock of capital. Concerning the long run value of consumption, a rise in ( ) reduces (increases) the di erence between the optimal and equilibrium values of young consumption, whereas the e ect on the di erence between the optimal and equilibrium values of old consumption is ambiguous.
Optimal taxes
In this section we proceed to characterize the optimal tax rates that restore the e ciency when consumption externalities interact with altruism. We consider a tax policy consisting of an estate tax, a capital income tax and a system of lump-sum taxes. Concerning the lump-sum taxes, we assume that young agents pay a lumpsum tax and the revenues are devoted to finance a lump-sum subsidy to the old Therefore, these two tax rates are related by the following balanced budget constraint: = (6.1)
We also assume that young agents pay an estate tax on the inheritance they receive and that the revenues accruing from these taxes are returned to the same young agents by means of a lump-sum subsidy. Thus, there is a second government budget constraint, which is = (6.2) where is a lump-sum subsidy and is the estate tax rate. Finally, we assume that old agents pay a capital income tax on the returns of savings and that these revenues are returned to these agents by means of a lump-sum subsidy. Therefore, another government budget constraint is
where is a lump-sum subsidy and is the capital income tax rate. Consider the individual maximization of (2.4) with respect to { +1 +1 } subject to (2.1) and the following constraints:
which amounts to solve the following dynamic programming problem:
and +1 given for all The first order conditions of the maximization problem are
where the last condition holds with equality if +1 0 The competitive equilibrium of this economy is a path n o
=0
that solves the system of di erence equations composed of (6.6) and (6.7), together with (2.12), (2.13), (2.14), (6.1), (6.2), (6.3), (6.4), (6.5) and the transversality condition (3.5). Let us denote the path of the optimal tax rates as n e e e e o
These optimal tax rates are such that make the equilibrium path of { } coincide with the optimal path { } characterized by (4.1), (4.5) and (4.6). By using (2.3), we obtain that the optimal path of bequest implied by the planners' solution is given by
A positive optimal amount of bequest implies that the bequest motive is operative along an equilibrium path that attains the first best solution and a negative optimal amount of bequest implies that the bequest motive is inoperative along this equilibrium path. To characterize the optimal tax rates, we must distinguish between these two cases. When the optimal amount of bequest is positive, the equilibrium path associated to the optimal tax rates is characterized by (4.1), (6.5) and the following two equations, which are obtained from combining (6.6) and (6.7):
From the comparison among (6.9) and (6.10) with (4.5) and (4.6), we obtain the following result:
Proposition 6.1. When the optimal amount of bequest is positive, the optimal tax rates are e = 1 e = 1 1 e = 0 and e = 0
If the optimal amount of bequest is positive and consumption externalities are the only source of ine ciency, the optimal lump-sum tax rates are zero. In this case, the capital income tax rate does not solve the ine ciency due to consumption externalities. This occurs because bequests are suboptimal and an estate tax is necessary to solve the ine ciency due to consumption externalities. In Proposition 5.1 we showed that, if ( ) 1 then bequests are suboptimal small (large) and, as shown in Proposition 6.1, the optimal estate tax is negative (positive) so that the ine ciency is solved by raising (reducing) the amount of bequest. Therefore, the optimal estate tax solves the intratemporal ine ciency due to consumption externalities. However, as follows from (6.9), this tax introduces an intertemporal ine ciency, which is corrected by means of the capital income tax. In this respect note that the sign of e is the opposite of that of e When the optimal amount of bequest is negative, the equilibrium path associated with the optimal tax rates is characterized by equations +1 = 0 (4.1), (6.5) and (6.6). We proceed to characterize the optimal tax rates. We first combine (4.5) with (4.6) to obtain
From the comparison between (6.6) and (6.11), it follows that the optimal capital income tax rate is e = 1 1 . This tax solves the ine ciency due to consumption externalities, whereas the ine ciency due to the inoperativeness of the bequest motive is thus solved through lump-sum taxes. To obtain the latter optimal taxes, we use (2.12), (2.14), (6.3) and (6.5) to obtain
From the comparison between (6.8) and (6.12), we obtain that e = and, using (6.1), we get e = where is defined in (6.8) . Given that 0 we obtain that e 0 and e 0 Thus, the optimal system of lump-sum taxes corrects the overaccumulation of capital by means of reducing the income of the young agents and increasing the income of the old agents. In this sense, the optimal lump-sum taxes are a pay-as-you-go social security system. These results are summarized in the following proposition: Proposition 6.2. When the optimal amount of bequest is negative, the optimal tax rates are e = 1 1 e = and e = We have thus shown that if agents are altruistic the optimal tax policy depends on the operativeness of the bequest motive along an optimal path. On the one hand, if bequests are zero then, as in Abel (2005) , the optimal tax policy consists of a tax on capital income and a pay-as-you go social security system. The latter solves the overaccumulation of capital due to the inoperativeness of the bequest motive and the former solves the ine cient allocation of consumption due to consumption externalities. Note that the optimal capital income tax rate will be positive or negative, depending on the relative intensity of the two externalities. Thus, this optimal tax is constructed in a way that stimulates or deters saving depending on the overall e ect of externalities on the allocation of consumption.
On the other hand, when the bequest motive is operative, the only source of ine ciency are the consumption spillovers. In this case, the optimal lump-sum taxes are zero and the optimal tax policy consists of an estate tax and a capital income tax. Thus, when generations are e ectively linked by means of bequests, the capital income tax does not solve the ine ciency due to consumption externalities since this ine ciency does not a ect the level of saving but that of bequests, which in turn determines both the allocation of consumption between old and young individuals and the external reference levels of consumption. Thus, when bequests are positive, both an estate tax and a capital income tax must be introduced in order to solve the ine ciency due to consumption externalities. The former brings bequests at their optimal level and the latter induces the optimality of the amount of saving. To see how this tax policy works, assume that 0 As shown in Proposition 5.1, this ine ciency implies that bequests are suboptimally low. In order to correct this ine ciency, the optimal estate tax is a subsidy. As it is shown in equation (6.9) , this subsidy a ects the intertemporal allocation of consumption and, hence, it would result into a suboptimally large level of saving, i.e., into capital over-accumulation. In order to correct this, a positive income tax rate must be introduced in order to o set the ine ciency brought about by the optimal estate tax.
Finally, note that the optimal level of the tax rate on capital income is the same in the two scenarios we have just considered even though it is aimed at fixing ine ciencies coming through di erent channels.
Conclusion
In this paper we have analyzed the ine ciency due to the existence of consumption externalities in a dynastic altruism model. We have shown that the operativeness of the bequest motive changes the nature of the ine ciency due to consumption externalities. When bequests are positive, consumption spillovers only give raise to an intratemporal ine ciency, whereas they are a source of intertemporal ine ciency when bequests are zero. In the former case, consumption externalities only a ect the intratemporal margin between consumption of the two generations living in the same period. This implies that consumption externalities only a ect the e ciency of the allocation of consumption between the two living generations, which is associated with a suboptimal level of bequest. Thus, the intertemporal paths of consumption, saving and output remain at their optimal levels. In contrast, when bequests are zero, consumption externalities a ect the intertemporal margin between consumption when young and when old. Given that consumption externalities a ect the intertemporal path of consumption, they also modify the path of capital and production. In fact, the externality associated with the young consumption reference reduces the stock of capital and thus reduces the overaccumulation of capital. Obviously, the externality associated with the old consumption reference has the opposite e ect on the stock of capital and thus rises the overall long run ine ciency.
We have characterized the optimal tax rates and we have shown that they depend on the operativeness of the bequest motive. On the one hand, when the bequest motive is inoperative, the optimal tax policy consists of a tax on capital income and a pay-as-you go social security system. On the other hand, when the bequest motive is operative, optimal lump-sum taxes should be set to zero and the optimal tax policy consists of an estate tax and a capital income tax. In this case the estate tax corrects the intratemporal ine ciency but gives raise to an intertemporal ine ciency, which is solved by means of introducing a capital income tax. Therefore, consumption externalities justify the introduction of estate taxes.
We have shown that the optimal capital income and estate tax rates are constant along the transition. This is simply a consequence of the fact that externalities accrue from contemporaneous consumption. If we had assumed instead that the reference levels of consumption are related to the past average consumption in the economy (external habits or aspirations), then the optimal tax rates would not be constant along the transition. This seems a promising line of future research as the absolute separation between intratemporal and intertemporal ine ciency will not hold when externalities accruing from past consumption are introduced. Finally, let us mention that other tax instruments can also solve the ine ciency due to consumption externalities. In particular, taxes on consumption that discriminate between generations may solve this ine ciency. The characterization of optimal consumption taxes is thus another interesting extension even though the results would be critically dependent on the functional forms of the utility and production functions.
Appendix

A. Proofs
Proof of Proposition 3.3. a) Stability when the bequest motive is not operative
We first derive conditions aimed at guaranteeing the stability of the steady state with zero bequests. To this end, we assume that along the transition path the following inequality is satisfied:
so that +1 = 0 for all Then, the transitional dynamics is characterized by (3.3), which can be rewritten as
By using (2.2), (2.3), (2.9), (2.10) and (2.12)-(2.14), it is immediate to see that we can obtain the relationship = ( +1 +2 ) Next, we obtain the following derivatives evaluated at the steady state:
0. The stability can be characterized by using the characteristic polynomial
Saddle path stability implies that only one of the two characteristic roots must belong to the unit circle. Note also that (1) = 0 as follows from Lemma 3.2. Then, saddle path stability requires that ( 1) 0 where
By using (2.2), (2.3), (2.5) and (2.6), ( 1) can be rewritten as 
Given that along an equilibrium path with positive bequests = for all and We assume that = = 0 5 and = 0 05 This table shows how the discrepancy between the equilibrium steady state and the optimal steady state changes when and increase. Three measures of ine ciency are provided:
and The empty cells correspond to situations where the bequest motive is operative.
